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A LOCAL PROJECTION OPERATOR
FOR QUADRILATERAL FINITE ELEMENTS

V. GIRAULT

ABSTRACT. This note studies the approximation error of a local projection op-
erator on polynomials of total degree k defined on quadrilaterals. Among other
applications, this projection operator permits to derive easily error estimates for
quadrature formulas.

1. INTRODUCTION

Let T denote a convex and nondegenerate quadrilateral (i.e., not reduced
to a triangle) and let k be a nonnegative integer. We denote by P, the set of
polynomials in two variables of total degree k, i.e., spanned by all products of
the form xj'x;? with 0<i;j <k, 0<i; <k and i; + i, < k. Then, for any
function u in L!(T), we define its local projection I~§(u) € P, by

(1) vrePy, /7%(u)rdx=/urdx.
T T

Obviously, (1) defines uniquely T;‘.(u) , but deriving error estimates for this
operator is not altogether straightforward, because the polynomial space P is
well adapted to triangular finite elements but not to quadrilateral finite elements.
Indeed, in the case of quadrilatfral finite elements, the polynomials are first
defined on the reference square T = [0, 1]? in the reference (X;, %;)-space and
they belong to the space Qk of polynomials of degree k in each variable, i.e.,
spanned by all products of the form fcf‘fcl’,z with 0<ij<kand 0<i, <k.
Then they are transformed into functions (generally, not polynomials) defined
on T by a transformation that maps 7 onto T. More precisely, as T is
convex and nondegenerate, there exists an invertible bilinear mapping Fr that
maps T onto T (cf. Ciarlet [2]); then we define the function space & (T) by

G(T)={qg=doF;';VjeQ}.

It turns out that this is the “good” space for interpolating functions on quadri-
laterals because, unlike the space Py, it yields optimal interpolation error esti-
mates. We refer to Ciarlet [2] for a study of these quadrilateral finite element
spaces and isoparametric finite element spaces in general.
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However, because I% is a projection operator, and thus minimizes the L2
norm, it does satisfy optimal error estimates. To my knowledge, the first L2
estimate for this operator was established in Girault and Raviart [5], following
an original idea of C. Bernardi, where it was applied to analyze the &, — P;_,
element for the Stokes problem. The purpose of the present paper is to extend
the above result first to L?, and next to W!-7 estimates. As an application,
we shall use this projection operator to show in particular that, when k =1,
the four-point quadrature rule is of order one, a result very difficult to establish
otherwise on an arbitrary quadrilateral (cf. Ciarlet and Raviart [3] and Raviart
(8D).

We conclude this introduction by recalling some notations and properties of
Sobolev spaces that we shall use further on; they can be found in Adams [1] or
Necas [7]. Let Q denote a bounded and connected open subset of R? with a
Lipschitz continuous boundary. For any nonnegative integer k and number p
with 1 < p < oo, recall the standard Sobolev space

Wkp(Q) = {v € LP(Q); 8°v € LP(RQ) for 0 < |a| < k},

where o denotes any pair of nonnegative integers (a;, az), 0%V =
dlely/9x'9x;? and |a| = @) + a, . It is a Banach space for the norm

1/p
”U“W"»P(Q) = (Z Z ||6av"u(g) B

la|=0 a

with the usual modification when p = oco. When p = 2, this space is denoted
simply by H*(Q). We also define the seminorm

1/p
[v|w«. Q) = (Z llo* 'U”Lp(g)) .

la|=k
By interpolating between two consecutive values of k, we can extend the def-
inition of Sobolev spaces to noninteger values of k (cf. Lions and Magenes
[6]).

Finally, we recall a fundamental result on polynomial interpolation. On
any bounded domain K, for any nonnegative integers k and /, the polyno-
mial space P, is contained in W/!-?(K) and we can define the quotient space
w!.»(K)/P; , which is also a Banach space equipped with the quotient norm

Vo € WHE(K) [P, N0llwrkym, = rien]r»{ lv+ rllwepi) -
This quotient space has the following property proved by Deny and Lions [4]
(cf. also Necas [7]).

Theorem 1. Assume that K is a bounded and connected open set of R* with
a Lipschitz continuous boundary. For each integer k > 0 and number p with
1 < p < 00, there exists a constant C such that

Vo € Wk+l’p(K)/Pk ) ”f)”Wk“vP(K)/lPk < C|U|Wk+lm(1<) .

2. AN LP-ESTIMATE

To simplify the discussion and avoid the technical difficulties related to
curved boundaries, we assume from now on that Q is a polygonal domain.
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FIGURE 1

Let & be a parameter that will tend to zero, and for each value of 4, let .9,
be a quadrangulation of Q made of convex and nondegenerate quadrilaterals,
with diameter bounded by 4. Let T be one of these quadrilaterals, let a;
be its vertices, for 1 < i < 4, and let S; denote its subtriangle with vertices
a;_1, a;, a;,1 , the indices being numbered modulo four, as in Figure 1. Let A;
be the diameter of S; and p; the diameter of its inscribed circle. We set

. hT
hr = 1851}24}’“ pr = 2151;/), and or= or
Clearly, hy is the diameter of 7 and o7 is a measure of the nondegeneracy
of T.

In order to study I Ik , 1t will be useful to introduce the reference unit triangle
Si with vertices 4; = a; = (0,0),a=2a,=(1,0),a4 =44 = (0, 1), and the
affine invertible mapping

Fg(%X) = Bsk+b,

defined by Fg(4;) = a; for i =1, 2, 4. (For strictly consistent notations, we
should denote this mapping by Fg, (X), but for the sake of simplicity, we agree
to drop the index on S.) As T is nondegenerate, this mapping is unique and it

maps S; onto S;. Furthermore, the matrix Bg satisfies the following bounds:

V2 _2V/2

| Bs| < < 2h; < 2hy, B!l < — < —=,

P1 pr
V3
5

f
|det(Bs)| = 2meas(S;) and % p2 < | det(Bs)| <
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Then we set §3 = Fg 1(S3) and we associate with T an auxiliary reference
quadrilateral, T, which generally does not coincide with the reference square
T, but is convex because T is convex:

(2) T=8US;=F Y(T).
In particular, we set 3 = Fg (a3), and the diameter h; of T satisfies
h= < ||Bg"'||hr < 2V207.

As T is a convex and nondegenerate quadrilateral, there exists a (Bnique) in-
vertible bilinear mapping F; that maps the unit square T onto 7 and such
that for 1 <i<4,

F(a;) =4,
where a3 = (1, 1). It is interesting to observe that
FS o F%" = FT >

where Fr is the bilinear mapping (mentioned in the introduction) satisfying
a; = Fr(a;). Let Jr and J; denote respectively the Jacobians of Fr and Fx;
we have

\/_
~ = < _
V7l Lo 7 218524meaS(S < 5h
1 8
J—l (<) = r N
7 Nz 2inf|<;<4 meas(S)) < np2
_ meas(S;) _4V3 ,
”JT”Lw(T)_ISS‘}E4 meas(S;) ~ x °I°
_ meas(S 4/3
5 oy = eSO 4352
T)  infi<i<q4 meas(S;) 7.4
"DFT”Loo(T < ClhT9 ”DF ”L°°(T < Czh < C3JT9

DF. o) < Ca 2L
IDFf || Loo () < “or

Our first lemma shows that the operator T§ is stable in LP(T).

Lemma 2. For any integer k > 0 and any number p with 1 < p < oo, there
exists a constant C, independent of the geometry of T, such that

Vue L(T), |1T5w) ) < Copllullioy -
Proof. Make the change of variable x = Fg(X) in definition (1) As the mapping
Fy is affine, we have

Vr € By, |det(BS)|/?(IT (4) = 1) o Fs(X)r o Fs(X)d% = 0.

But both the space P, and the operator T;‘. are invariant by affine transforma-
tion, i.e., setting # = u o Fg, we have

TH(u) o Fs = T&(@).
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Hence, we can write

vr e Py, /~(1“Z;,(a) —@)rdx=0
T

Therefore, choosing r = 7?(1”4) and letting ¢ denote the conjugate exponent of
p, 1/p+1/g=1, we obtain

(3) ITE@IZ, 7, < Nl i 1 TEE@ o -
But - v
q Tk
@) oy < W2 3 ME@) © Fil oy »

and f?(ﬂ) o Fx belongs to Qk , a finite-dimensional space on which all norms
are equivalen& Hence, there exists a constant C; which depends only on the
geometry of T and on the degree k, such that

& @) 07, < CHIRIE S 1K) 0 F7ll o 7

L= (T)
_1/4 1 1/2 k. -

| < Ul L2 19512 o V) o -

Therefore, for any real number g, we have
~ 2(1 1/2) 7k /=~

4) @ 7, < Coop TV PNIED o 7
Substituting (4) into (3), first with ¢ and next with p, we obtain
(5) @, 7 < Crofllill, 7 -
Hence,

7% ()|l o1y = |det(Bs)ll/p||1~'f:(l7)|lu(}') < C3a§|det(Bs)|‘/”||a||U(;)
< Cs0f|det(Bs)|'/?| det(Bs)| "7 |ul| oy . O

Theorem 3. For any integers k > 0 and | > 0 with | < k + 1, and for all
numbers p with 1 < p < oo, there exists a constant C, independent of the
geometry of T, such that

6)  VueWHA(T), |lu—EWlwa < Cop PV hhlulwn -

Proof. By virtue of Lemma 2, it suffices to consider the case where / > 1. Here
again, we can write

lu = T )l oy = | det(Bs)| Pl — (i),

But since the operator I Ik preserves all polynomials in P, , we have for any r
in P,

_ ~ M - Tk (77 — ~
Ilu I~(u)“u ”u -r- I~( r)”U(T) S ”u r”Lp(T) + ”I'f(u r)“LP(T)
<1+ ClaT)“u - r”Lp(f) ’
where C; denotes the constant of (5). Therefore,

(7) = @) o) < | det(Bs)[ VP (1 + Co) Il 7, -
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It would be tempting to apply Theorem 1 to the right-hand side of (7), but
we cannot do it directly here, because T is a variable quadrilateral and the
constant of Theorem 1 depends upon the geometry of the set. Therefore, we
must switch to the reference element T . Consider first the case where kK =0
and which is the only case where Qk and P, coincide on T, since they both
consist of constants. Thus, applying Theorem 1 in T, we obtain

1 1 il
inflla +rll,z < I|J~|IL’£(? inflj@o Fyp+ril,, 7 < GlJF| ’jj(TI ° Frlynd
1/p -1 1/p "
< CIVF o 3y V51 o IIDF IIMTI i@ -
Hence,
~ 4 1
(8) 12l 7,8, < C307 ity o 3, -

We shall extend (8) to any integer k by induction. Assume that for any integer
j<1-2, wehave

_— (@/p+D(+1), 5 ~
(9) Ilu”Lp(T)/]Pj < CGT Iu|Wj+l,p(T) 4

and let us prove that (9) is valid for j + 1. We use the decomposition
Pisi=Pj@Pj,,,

where Pj,, denotes the polynomial space spanned by the j+2 terms X! xi“_i

for 0 <i<j+ 1. Therefore,

inf || ~ , _
rén’jﬂ e+ r”Lp(T) rep;, r*elP‘ e+ r+ ”U’(T)
= inf inf|(& rll. ~

AoE NG+ )+l

(4/p+1)(j+1) - ~ *
< Cya! inf |g+r*_ .. =~
= 49T r*€p;, I * IWJ““’(T) ’

owing to the induction hypothesis. But

1/p
~ * — — ay
|u +r IWj+l,p(T) - Z ”6 u+ ca”LF(T) ’
la|=j+1
for real constants ¢, . Hence,
1/p
. ~ * = : agy P
AL 87y > infllo*a+clf, -
le|=j+1
Now, (8) yields
. ~ 4/p+1 4/p+1
gg]{f;”aau + c"u('f) < C3GT |aaulwl 2(T) = <G or |u|Wj+2,p('f) .

Thus,
p (4/p+1)(J+2)|
“ullu(f)//]pﬂl < GCsor |u|Wj+2,p(f) ’

and (9) is proved by induction. It remains to substitute (9) into (7) with k =
j+ 1=1[ and switch back to T':

4 — Bl oy < (1 + Crad) Cat™ D\ Bs| |ulwr.ory
thereby proving (6). O
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To derive a global estimate from (6), we assume that the family of quadrangu-
lations .7, is regular as A tends to zero: there exists a constant ¢ , independent
of &, such that

VTed9,, or<o.
Then we immediately derive the following corollary.

Corollary 4. Assume that 9}, is regular. For any integers k >0 and | > 0 with
| <k+1, and for all numbers p with 1 < p < oo, there exists a constant C,
independent of h, such that

Vue WhP(Q), lu—TEWlw@ < Chlulw.og) -

3. A W' -P-ESTIMATE
The next lemma shows that X is stable in W!-?(T).

Lemma 5. For any integer k > 0 and any number p with 1 < p < oo, there
exists a constant C, independent of the geometry of T, such that

(10) Vue WhP(T), |TEW)lwisy < CofP ulpr o -

Proof. The result is trivial for k = 0, since Tg(u) is a constant. Therefore, we
can assume that £ > 1 and we write

\TE @) wr.o(ry < 1T6(u) = T(w) oy + T2 w01y = 1T6(w) = T(W) | wror »

as Tg(u) is a constant. Now switch to the reference element 7 :

1750 = Bl ocry < 112 o IDF7 oo (B 00) = T00) © Pl -

Since (f#(u) - Tg(u)) o Fr belongs to the finite-dimensional space @k on T,
the equivalence of norms yields

@) = Tp(w) 0 Frly, oz < Cill(F(u) = 12(w) o Frll, 4,
< I 1,2 I T () = B )|y
Thus,

TE(u) = I9.() w1 oy
; ) .
< QU2 & 17 1 oy | DFF e (1 T () = () v
<GP L) - Rl
PT
Hence,
2/p+1 1 ~
5 () lwr.0(ry < Cro/P* pT<||1“7;(u> — ulloery + 1T (w) = ullory)
< Csa?/””lulwn,p(r) ,

by applying (6) with /=1. O
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Theorem 6. For any integers k > 0 and 1 <1 < k + 1, and for all numbers
p with 1 < p < oo, there exists a constant C which depends on or but is
otherwise independent of the geometry of T, such that

(11) Vue WhH(T),  u—TFWlwirr) < CHE ulwnry.-
Proof. Since T§ preserves all polynomials in P, we can write
Vre B, u—IFW)lwiory = |u—r—TFW—r)lwim
<(1+CG 06/p+ N = rlwiory,

where C, is the constant of (10). Now the proof follows the lines of Theorem
3:
. 1 —1q : ~
inf = rlasogr) <1 det(Bs)| V2 LB inf 1= rlyy 5 -
Obviously,
|ulwl,p(f)/]p0 = |ulwl,p(f) ’
-and we shall prove an upper bound for P, by induction. To this end, assume
that for any integer j </ —2, we have

(4/p+1)Jj ) -
(12) Iu|Wl p(T)/]p < CG' |u|Wj+l,p(’f) :
Then
~ * -
relgjf;l lu + rIW‘ 2(T) r‘g}’t: lélf; |(1/ T+ rIW""(T)

< Calirrhi n]}f & + r*|

Jj+!

by the induction hypothesis. But we have shown in the proof of Theorem 3 that

Wit1.p(T)?

: ~ * 4/p+1 _
rtlequﬂ 4 lyseay < G017 Ny )
Therefore,
. 4/p+1)(j+1)
|| < Cy 0'( /p+1)(j+1)

Wi ’p(T)/Pj+l = |u|Wj+2,p(%’) s
and (12) is proved by induction. Hence,

3 6/p+7 _(1-1)(4/p+1) 1
|t — T&() w10y < Csag P gl =P )‘p—;hITlulW’vﬂ(T)

< C50¥4/p+1)+2/p+7hlr_l|u|W’xp(T) O
As an immediate application, we have the global estimate:

Corollary 7. Assume that 9, is regular. For any integers k > 0 and 1 <[ <
k + 1, and for all numbers p with 1 < p < oo, there exists a constant C,
independent of h, such that

1/p
Vu e Wl’p(g) > Z |u - IA7T‘(“)|€V1,,:(T) < Ch[_l|u|W’,P(Q)
Teg,

Finally, by interpolating the estimates of Corollaries 4 and 7 between two
consecutive values of k, we can extend their results to noninteger values of k:
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Corollary 8. Assume that 9, is regular. For any integer k > 0 and real number
s with 0 <s < k+1, and for all numbers p with 1 < p < oo, there exists a
constant C, independent of h, such that

Vue Wr(Q), lu—IEw)w@ < Chllullw: s -

Corollary 9. Assume that 9, is regular. For any integer k > 0 and real number
s with 1 <s < k+1, and for all numbers p with 1 < p < 0o, there exists a
constant C, independent of h, such that

1/p
Yu e wr(Q), (Z |u — j;c'(u)V;Vl,p(T)) < Ch Yullws .o () -
TeS,

4. APPLICATION TO QUADRATURE FORMULAS
Let k =1 and consider the standard finite element space
‘ Oh ={9h G%O(ﬁ);VTGy, 0h|T€@1(T)}.
In solving elliptic boundary value problems, one often has to calculate terms of
the form [} Vu, - Vv, dx with u; and v, in ©,. The exact computation of
this integral is difficult because the integrand in each T involves fractions in
two variables. But exact computation is not necessary and we can approximate
the integral by an appropriate quadrature formula. The most commonly used
quadrature formula in this case is the two-dimensional extension of the “trape-
zoidal rule”, called the “four-point” rule. We propose to show in this section
that the error arising from the use of this quadrature formula is comparable to
the interpolation error of the space 6, namely O(h).
For any function f defined and continuous on T , we define the four-point
quadrature rule by

— 1 = R . .
(13) %(ﬁ=z(f(0,0)+f(l,0)+f(l,1)+f(0,1))-
Then, observing that
/fdx= /AJTfoFTdi,
T T
we define for any continuous function f on T, the quadrature formula

(14)  Fr(f)=FIrS o Fr).

Now, assume that the solution u# of the problem we want to solve belongs
to H?(Q). Then it is continuous in- Q and we can define first Ir(#) in each
T, which is the classical interpolation operator in &)(7T) defined by (cf. Ciarlet

(2])
It(u)(a;) =u(a;) forl1 <i<4.

After this, we define I(u) € ©, by
VT € F,, Iny(u)lr = Ir(ulr).

The error arising from the integration formula (13), (14) involves in particular
the difference

| W) T, dx = 5, (0 (w)- Ty),
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and this difference must be bounded in terms of ||v,|| 517 . The next theorem
establishes a slightly more general result.

Theorem 10. Assume that the quadrangulation 9, is regular. For any number
p with 1 < p < oo, there exists a constant C such that for all u in W??(Q)
the following bound holds:

Yu, € 8;, ,

/Q V(W) - Vopdx— 3 S r(V(I7 () Tor)| < Chltlwa.oigy|valwr.aca
TeT,

where 1/p+1/qg=1.

Proof. First note that I,(u) is well defined because W2-2(Q) c #°(Q) for
l<p<oo.Forany T in 7,wecanwrite

| ) Yoy dx - i 2912w - v3)
= [ U - Thw) - Vo dx = A, 0(VErw) - Th(w)- Tu,),

because V(f}(u)) is a constant vector and each component of the vector func-
tion Vv, is integrated exactly by the quadrature formula:

Y, € Oy, / Vbhdx=%,T(Vvh).
T

Now, it can be easily checked that -

|, 7(V(IT(u) — E(u)) V)| < Ci|Ir(u) - 7}(u)|W1,P(T)|'Uh|W11‘I(T) >
with a constant C; independent of the geometry of T . Therefore,

[ Urw)- v, dx - 2912 0) - o)

< (14 Co)lIr() = IH@) .oy [Valwr .oy -
On one hand, as .9, is regular, Theorem 6 applied with / = 2 implies that

\I7(u) — Ulwr.ory < Crhr|ulw.o(ry

with a constant C, independent of the geometry of 7. On the other hand, a
standard result of finite element interpolation yields (cf. Ciarlet [2])

\IT(u) — ulw1.o(1y) < Cihr|Ulw2.or)
whence the desired result. O

The operator I} plays a crucial part in this proof. If V(IL(x)) were not
constant, the same estimate for the quadrature error would require that the
derivative of the Jacobian Jr be small with respect to 42. This holds if T is
nearly a parallelogram but not if T is an arbitrary quadrilateral.

This proof has been written in the particular case where k = 1, because
finite elements of degree one are most commonly used in practice, but clearly,
the above result extends readily to finite elements of degree k and the same
type of integration formulas of order k.
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